Abstract. Recall that the group PSL(2, R) is isomorphic to PSp(2, R), SO 0 (1, 2) and PU(1, 1). The goal of this paper is to examine the various ways in which Fuchsian representations of the fundamental group of a closed surface of genus g into PSL(2, R) and their associated Higgs bundles generalize to the higher rank groups PSL(n, R), PSp(2n, R), SO 0 (2, n), SO 0 (n, n + 1) and PU(n, n). For the SO 0 (n, n + 1)-character variety, we parameterize n(2g − 2) new connected components as the total space of vector bundles over appropriate symmetric powers of the surface and study how these components deform in the SO 0 (n, n + 2)-character variety. This generalizes results of Hitchin for PSL(2, R).
Introduction
Since Hitchin introduced Higgs bundles, they have been effectively used to count connected components of the character variety of surface group representations in a reductive Lie group. Even more, when one is lucky, Higgs bundles can be used to explicitly parameterize certain connected components of the character variety. For a closed surface S with genus g ≥ 2, Hitchin [17] gave an explicit parameterization of all but one of the connected components of the character variety of conjugacy classes of representations of the fundamental group of S in the Lie group PSL(2, R). Namely, he showed that each component with nonzero Euler class is diffeomorphic to the total space of a smooth vector bundle over an appropriate symmetric product of the surface. When the Euler class obtains its maximal value, this recovers the classical parameterization of the set of Fuchsian representations (which is identified with the Teichmüller space of S) as a vector space of complex dimension 3g − 3. The component with zero Euler class is the only component which contains representations with compact Zariski closure.
Hitchin later showed that the PSL(n, R)-character variety has three connected components 1 , two in which all representations can be deformed to compact representations and one in which no representation can be deformed to a compact representation [18] . Moreover, this last component, now called the Hitchin component, can be interpreted as a deformation space of Fuchsian representations, and thus, generalizes the Teichmüller space of S to the PSL(n, R)-character variety. In fact, Hitchin parameterized the Hitchin component by a vector space of holomorphic differentials on the surface S equipped with a Riemann surface structure.
The focus of this paper is to describe other generalizations of surface group representations into PSL(2, R) and their associated Higgs bundles by using the low dimensional isomorphisms: bounded in absolute value, and the representations with maximal Toledo invariant are of particular interest. Indeed, Hitchin representations and maximal representations are the only known connected components of surface group character varieties which consist entirely of representations that satisfy Labourie's Anosov condition [20, 5] .
For the group PU(n, n), the space of maximal representations in connected [22] . Moreover, all maximal representations lift to SU(n, n)-representations, and the space of maximal Sp(2n, R)-representations is a subset of the space of maximal SU(n, n)-representations. We will not focus on maximal PU(n, n)-representations, but will discuss the case of maximal Sp(2n, R)-representations.
Maximal representations into Sp(2n, R) have been studied by many authors from various perspectives. For n ≥ 3, the space maximal Sp(2n, R)-representations all behave in a similar manner. Namely, there are 3 · 2 2g connected components of maximal representations [11] and every component can be interpreted as a deformation space of Fuchsian representations [16] (see section 4). However, when n = 2 the space of maximal Sp(4, R)-representations behave quite differently than the general case. In particular, there are many more connected components [15] , and there are connected components which are smooth and consist entirely of Zariski dense representations [4] . In other words, there are connected components of maximal Sp(4, R)-representations which cannot be interpreted as deformation spaces of Fuchsian representations.
We will show how the strange behavior of maximal Sp(4, R)-representations can be interpreted as a consequence of the low dimensional isomorphism SO 0 (2, 3) ∼ = PSp(4, R). Namely, for each integer d ∈ (0, n(2g − 2)], we will construct a connected component of the SO 0 (n, n + 1)-character variety which directly generalizes the exceptional components of maximal Sp(4, R)-representations (see Theorem 6.1). Each of these components is parameterized by a smooth vector bundle over an appropriate symmetric product of the surface. Moreover, when the integer d is maximal (i.e. d = n(2g − 2)), this component recovers the SO 0 (n, n + 1)-Hitchin component.
Note that when n ≥ 3, SO 0 (n, n + 1) is not a group of Hermitian type, so these new connected components do not arise from the maximality of a known topological invariant. Interestingly, the special features of maximal SO 0 (2, 3) representations can be viewed as a generalization of Hitchin's description of the PSL(2, R)-character variety by using the isomorphism PGL(2, R) = SO(2, 1) (see section 3). Finally, we will study how these exotic connected components of the SO 0 (n, n + 1)-character variety deform in the SO 0 (n, n + 2)-character variety.
Sections 2, 3, and 4 are mostly a survey of known results. Sections 5, and 6 contain new results, some of which were part of the author's thesis, and will appear in [1] , [6] , and [2] .
G-bundles on S are classified by a characteristic class
where H ⊂ G is a maximal compact subgroup. Thus, the G-character variety decomposes as
where the equivalence class of a reductive representation ρ : Γ→G lies in X ω (Γ, G) if and only if the flat G bundle determined by ρ has topological type determined 2 by ω ∈ π 1 H. In general, the number of connected components of the character variety of a simple Lie group G has not been established. However, there have been many partial results. For instance, when G is compact and semisimple, the spaces X ω (Γ, G) are connected and nonempty [27] . This implies the following proposition. Proposition 2.3. If G is a connected real semisimple Lie group such that the maximal compact subgroup H is semisimple, then, for each ω ∈ π 1 H, the space X ω (G) is nonempty. Moreover, each component X ω (Γ, G) contains a unique connected component with the property that every representation in it can be continuously deformed to a representation with compact Zariski closure.
The above proposition implies that, when G is a connected semisimple complex Lie group, the space X ω (Γ, G) is nonempty for each ω ∈ π 1 H. In fact, Li proved that for complex semisimple Lie groups, each of the spaces X ω (Γ, G) is connected [21] . In particular, we have the following:
Corollary 2.4. If G is a semisimple complex Lie group, then any representation ρ ∈ X (Γ, G) can be continuously deformed to a representation with compact Zariski closure.
A semisimple Lie group G whose maximal compact subgroup is not semisimple but only reductive is called a group of Hermitian type. When G is simple and of Hermitian type, the center of the maximal compact subgroup has dimension one and defines a subgroup of π 1 H which is isomorphic to Z. For example, Sp(2n, R) is a group of Hermitian type since the maximal compact subgroup of Sp(2n, R) is U(n) and π 1 U(n) ∼ = Z. In the Hermitian case, the character variety decomposes as
Moreover, the spaces X τ (G) and X −τ (G) are isomorphic and nonempty for only finitely many values of τ ∈ Z. Let M be the largest value of τ such that X τ (G) is nonempty. The set of representations in X M (G) is called the set of maximal representations. The value of M depends only on the real rank of the group G, the topology of S and a choice of normalization.
In this case, the invariant τ is the Euler class of the circle bundle associated to a flat PSL(2, R)-bundle. This Euler class satisfies the Milnor-Wood inequality [23] :
Moreover, the maximal components X 2g−2 (Γ, PSL(2, R)) ⊔ X −2g+2 (Γ, PSL(2, R)) correspond to the set of Fuchsian representations from Example 2.2 [14] .
2.1. G-Higgs bundles. Unlike the character variety, to describe Higgs bundles we must fix a Riemann surface structure X on the topological surface S. As before, let G be a real algebraic simple Lie group with Lie algebra g, and fix H ⊂ G a maximal compact subgroup with Lie algebra h. Let g = h ⊕ m be the corresponding Cartan decomposition of the Lie algebra g. The splitting g = h ⊕ m is invariant with respect to the adjoint action of H on g. Complexifying everything gives an Ad H C invariant decomposition g C = h C ⊕ m C . If P is a principal G-bundle and α : G→GL(V ) is a linear representation, denote the associated vector bundle P × G V by P [V ].
2 For nonconnected groups, this is not true. In the nonconnected case, there are two characteristic classes, one in H 1 (S, π 0 (H)) and one in H 2 (S, π 1 H)). As we will see for G = SO(2, 1), the topological type of a G-bundle is not always uniquely determined by these invariants. See [26] and [12] for more details on nonconnected groups. Definition 2.6. A G-Higgs bundle is a pair (P, ϕ) where P is a holomorphic principal H C -bundle and ϕ ∈ H 0 (X, P[m C ] ⊗ K) is a holomorphic section of the associated m C -bundle twisted by the canonical bundle K of X.
Example 2.7. If G is compact, then H C = G C and m C = {0}. Thus for compact groups, a Higgs bundle is the same as a holomorphic principal G C -bundle.
If α : H C →GL(V ) is a linear representation of H C , then the data of a G-Higgs bundle can be described by the vector bundle associated to α and a section of another associated bundle. For instance, when G = SL(n, C) and α : SL(n, C)→GL(C n ) is the standard representation, an SL(n, C)-Higgs bundle (P, ϕ) defines the data of a rank n holomorphic vector bundle E→X with Λ n (E) = O and a traceless holomorphic section Φ of End(E) ⊗ K. This allows us to define the notion of stability and polystability of an SL(n, C)-Higgs bundle.
Definition 2.8. An SL(n, C)-Higgs bundle (E, Φ) is stable if, for all subbundles F ⊂ E with Φ(F ) ⊂ F ⊗ K, we have deg(F ) < 0; (E, Φ) is polystable if it is a direct sum of stable GL(n j , C)-Higgs bundles of degree zero.
There are appropriate notions of (semi)stability and polystability for G-Higgs bundle with which the moduli space of G-Higgs bundles can be defined as a polystable quotient. Rather than recalling the definition of polystability for G-Higgs bundles, we will use the following result (see [10] ). Proposition 2.9. Let G be a real form of a complex subgroup of SL(n, C). A G-Higgs bundle (P, ϕ) is polystable if and only if the associated SL(n, C)-Higgs bundle is polystable.
Recall that holomorphic structures on a smooth principal H C -bundle P →X are equivalent to Dolbeault operators∂ P ∈ Ω 0,1 (X, P [h C ]). The gauge group G H C (P ) of smooth bundle automorphisms of P acts on the set of Higgs bundle structures (P, ϕ) = (∂ P , ϕ) by the adjoint action. In fact, the space M(G) can be given the structure of a complex analytic variety of expected dimension dim(G)(2g − 2) [17, 30, 28] . As with the character variety, for connected groups, the topological type of the H C bundle of a Higgs bundle (P, ϕ) is determined by a class ω ∈ π 1 H. If M ω (G) denotes the set of G-Higgs bundles with topological invariant ω ∈ π 1 H, then the moduli space M(G) decomposes as
Moreover, we have the following fundamental result which we will use to go back and forth between statements about the Higgs bundle moduli space and the character variety.
Theorem 2.11. Let X be a Riemann surface with genus at least two and fundamental group Γ. Let G be a real simple Lie group with maximal compact subgroup H. The moduli space M(G) of G-Higgs bundles on X is homeomorphic to the G-character variety X (Γ, G). Moreover, for each ω ∈ π 1 H, the components M ω (G) and X ω (Γ, G) are homeomorphic.
Remark 2.12. When G is compact, Theorem 2.11 was proven using the theory of stable holomorphic bundles by Narasimhan and Seshedri [25] for G = SU(n), and Ramanathan [27] in general. For G noncompact, it was proven Hitchin [17] and Donaldson [9] for G = SL(2, C) and Simpson [29] and Corlette [8] in general using the theory of Higgs bundles. Theorem 2.11 holds more generally for real reductive Lie groups [10] . We will use this correspondence to, amongst other things, study the topology of the character variety.
2.2.
Vector bundle description for SL(n, R), Sp(2n, R) and SO(p, q)-Higgs bundle. We now give vector bundle definitions for certain G-Higgs bundles and describe the topological invariants.
SL(n, R)-Higgs bundles:
The maximal compact subgroup of SL(n, R) is isomorphic to SO(n) and the Lie algebra sl(n, R) consists of traceless (n×n)-matrices. Let Q be a positive definite symmetric quadratic form on R n . The Cartan decomposition of sl(n, R) is sl(n, R) = so(n)⊕sym 0 (R n ) where
Complexifying everything gives sl(n, C) = so(n, C) ⊕ sym 0 (C n ).
Definition 2.13. An SL(n, R)-Higgs bundle is pair (E, Φ) where E is a rank n holomorphic bundle with an orthogonal structure Q such that Λ n E = O and Φ ∈ H 0 (X, End(E) ⊗ K) is traceless and symmetric with respect to Q, i.e. Φ T Q = QΦ.
For n > 2, π 1 SO(n) = Z 2 and the moduli space of SL(n, R)-Higgs bundles decomposes as
The invariant ω ∈ Z 2 of an SL(n, R)-Higgs bundle (E, Φ) is the second Steifel-Whitney class of the orthogonal bundle E.
Sp(2n, R)-Higgs bundles: Consider the symplectic form Ω = 0 Id −Id 0 on C 2n . The complex symplectic group Sp(2n, C) consists of linear transformations g ∈ GL(2n, C) such that g T Ωg = Ω. The Lie algebra sp(2n, C) consists of matrices X such that X T Ω+ ΩX = 0. Such an X ∈ sp(2n, C)
where A, B and C are n×n complex matrices with B and C symmetric. One way of defining the group Sp(2n, R) is as the subgroup of Sp(2n, C) consisting of matrices with real entries. However, when dealing with Sp(2n, R)-Higgs bundles it will be useful to consider Sp(2n, R) as the fixed point set of a conjugation λ which acts by λ(g) = ( 0 I I 0 ) g ( 0 I I 0 ) . The fixed points of the induced involution (also denoted by λ) on the Lie algebra sp(2n, C) gives the Lie algebra sp(2n, R) as the set of matrices X =
where A is a n × n complex valued matrix with A = −A T and B is a complex valued n × n symmetric matrices with C = B. Since the conjugation λ commutes with the compact conjugation g→g −1 T of Sp(2n, C), the composition defines a Cartan involution θ. On the Lie algebra sp(2n, R) the involution θ acts by
Thus, the Cartan decomposition is given by
where sym(R n ) is the set of symmetric n × n real valued matrices. Complexifying this decomposition gives a decomposition of H C = GL(n, C)-modules
where Sym n (V ) denotes the symmetric product of the standard representation of GL(n, C) on C n .
Definition 2.14. An Sp(2n, R)-Higgs bundle is a triple (V, β, γ) where V is a rank n holomorphic vector bundle and
Let (V, β, γ) be an Sp(2n, R)-Higgs bundle, the holomorphic sections β and γ define holomorphic symmetric maps β :
The SL(2n, C)-Higgs bundle associated to an Sp(2n, R)-Higgs bundle (V, β, γ) is given by
The fundamental group of U(n) is Z, and the invariant ω ∈ Z of an Sp(2n, R)-Higgs bundle (V, β, γ) is the degree of the bundle V. Moreover, polystability implies that |deg(V )| ≤ n(2g − 2) [15] . Thus, the moduli space decomposes as
SO(p, q)-Higgs bundles: Fix Q p and Q q positive definite quadratic forms on R p and R q respectively and consider the signature (p, q) form
consists of matrices g ∈ GL(p + q, R) such that g T Qg = Q. The group SO(p, q) has two connected components, and the connected component of the identity will be denoted by SO 0 (p, q).
The Lie algebra so(p, q) consists of matrices X such that X T Q+QX = 0. A matrix X ∈ so(p, q) decomposes as
, where B is a p × q matrix, and A and C are respectively p × p and q × q matrices which satisfy
Complexifying this decomposition gives a decomposition of
where V and W denote the standard representations of SO(p, C) and SO(q, C) respectively.
Definition 2.
15. An SO(p, q)-Higgs bundle is a triple (V, W, η) where V and W are holomorphic orthogonal bundles of rank p and q respectively such that Λ p V = Λ q W, and
Let (V, W, η) be an SO(p, q)-Higgs bundle, the orthogonal structures on V and W are holomorphic sections of Sym 2 V and Sym 2 W which define holomorphic symmetric isomorphisms
The SL(p + q, C)-Higgs bundle associated to an SO(p, q)-Higgs bundles is given by
where 
(SO(p, q)).
The PGL(2, R) = SO(1, 2)-character variety
For SO(1, 2), we can explicitly describe the Higgs bundle moduli space. Moreover, in this case, the connected component description is deduced from topological invariants of orthogonal bundles. We will see in later sections how these descriptions generalize to higher rank generalizations of
where W is a rank two holomorphic vector bundle with an orthogonal structure Q W . The SL(3, C)-Higgs bundle associated to (Λ 2 W, W, η) is given by (2.1) and will be represented schematically as
where we have suppressed the twisting by K from the notation. The topological invariants of an orthogonal bundle on X are a first and second Stiefel-Whitney class 
If the first Stiefel-Whitney class of W vanishes, then the structure group of W reduces to SO(2, C). Since SO(2, C) ∼ = C * , the holomorphic orthogonal bundle (W, Q W ) is isomorphic to
is a degree d holomorphic line bundle. In this case, the second Stiefel-Whitney class is given by the degree of M mod 2, and the Higgs field η decomposes as
In this case, the associated SL(3, C)-Higgs bundle given by
The following two propositions are immediate. 
is connected when d = 0 and consists of two isomorphic components if d = 0.
Hitchin proved the following theorem for PSL(2, R) = SO 0 (1, 2). 2) ) is smooth and diffeomorphic to a rank , 2) ) defined by sending (M, µ, ν) to the isomorphism class of the Higgs bundle (3.1). It is straight forward to check that two points
This gives a diffeomorphism between the quotient space
is the inverse of the line bundle associated to D.
Remark 3.5. Note that when d is maximal, the moduli space M 2g−2 (SO(1, 2)) is diffeomorphic to the vector space 2) ) is the set of Fuchsian representations from Example 2.2. Theorem 3.6. The space M 0 (SO(1, 2)) retracts onto Pic 0 (X)/Z 2 where Z 2 acts by inversion.
Proof. Let (M, µ, ν) be an SO(1, 2)-Higgs bundle with deg(M ) = 0. The associated SL(3, C)-Higgs (E, Φ) bundle is given by (3.1). Note that the bundle E = M ⊕ O ⊕ M −1 is polystable as a holomorphic vector bundle. Thus, the one parameter family (E, tΦ) has lim t→0 (E, tΦ) = (E, 0). In terms of the data (M, µ, ν) this one parameter family is given by (M, tµ, tν). The moduli space hence deformation retracts onto the space Pic 0 (X)/Z 2 where Z 2 acts by inversion via the gauge transformation (3.4).
Remark 3.7. Note that the connected components M d (SO (1, 2) ) can be deformed to each other in M(SO 0 (1, 3) ). Indeed, SO 0 (1, 3) ∼ = PSL(2, C) and M(PSL(2, C)) has only two connected components which are distinguished by a second Stiefel-Whitney class. In particular,
So far we have assumed that the first Stiefel-Whitney class of the O(2, C)-bundle W is zero. Equivalently, we have only considered SO(1, 2)-Higgs bundles which reduce to SO 0 (1, 2)-Higgs bundles. We now recall Mumford's description of holomorphic O(2, C)-bundles [24] .
Let W →X be a holomorphic rank two vector bundle equipped with an orthogonal structure Q W with nonzero first Stiefel-Whitney class sw 1 ∈ H 1 (X, Z 2 ) \ {0}. Let π : X sw1 →X denote the corresponding connected orientation double cover associated to sw 1 . Note that π * (det(W )) = O Xsw 1 . Let ι : X sw1 →X sw1 denote the covering involution, and consider the space
→X be the corresponding unramified double cover, and denote the covering involution by ι : X sw1 →X sw1 . There is a bijection between Prym(X sw1 , X) and holomorphic O(2, C)-bundles on X with first Stiefel-Whitney class sw 1 .
, and the above construction gives a bijection.
Remark 3.9. There are two connected components of Prym(X sw1 , X). For M ∈ Prym(X sw1 , X), the second Stiefel-Whitney class of the orthogonal bundle π * M distinguishes the connected component which contains M [24] . Therefore we will write
The connected component of the identity is the Prym variety of the cover π : X sw1 → X.
It is not hard to show that the holomorphic bundle W ⊕ Λ 2 W of a polystable Higgs bundle of the form (3.1) with nonzero first Stiefel-Whitney class is polystable as a vector bundle. Furthermore, the
Thus, as an analog of Theorem 3.6 we have:
2) deformation retracts onto the space Prym sw2 (X sw1 , X)/Z 2 where Z/2 acts by inversion. 2) ) denote the connected components of the character variety associated to M d (SO (1, 2) ) and M sw1 sw2 (SO (1, 2) ). If ρ ∈ X (Γ, SO(1, 2)), then ρ can be deformed to a representation with compact Zariski closure if and only if ρ is in X 0 (SO (1, 2) ) or X sw2 sw1 (SO (1, 2) ) with sw 1 = 0. Proof. Recall that a representation ρ : Γ → SO(1, 2) has compact Zariski closure if and only if the Higgs field of the corresponding Higgs bundle is identically zero. By the above theorems this only happens in the components M 0 (SO(1, 2) ) or M sw2 sw1 (SO (1, 2) ) with sw 1 = 0.
Deforming into Hitchin representations and maximal representations
We now describe some generalizations and deformations of SO(1, 2) and PSL(2, R) representations into split real groups and groups of Hermitian type. Hitchin representations into split groups and maximal representations into Hermitian groups define important families of connected components of the character variety since they are the only known components that consist entirely of representations satisfying Labourie's Anosov property [20, 5] . Here we will show that, apart from maximal SO 0 (2, 3)-representations, all maximal representations in Sp(2n, R) and SO 0 (2, n) and all Hitchin representations can be interpreted as deformation spaces of Fuchsian representations.
For PSL(2, R) = SO 0 (1, 2), by Remark 3.5, the Higgs bundles which give rise to Fuchsian representations are given by
Lifting such a Higgs bundle to an SL(2, R)-Higgs bundle is determined by choosing a square root
Indeed, the second symmetric product of such an (E, Φ) gives the SO 0 (1, 2)-Higgs bundle above. The Sp(2, R)-Higgs bundle associated to (E, Φ) is (V, β, γ) = (K 1 2 , q 2 , 1). We will refer to such Higgs bundles as Fuchsian Higgs bundles.
4.1. The Hitchin component. Let G be a split real Lie group, the classical split Lie groups are PSL(n, R), SO 0 (n, n + 1), PSp(2n, R) and PSO 0 (n, n). For such a group, Kostant [19] showed that there exists a special embedding of PSL(2, R) into G called the principal embedding, for details on the principal embedding see section 3 of [18] . The principal embedding defines an "irreducible" way of deforming PSL(2, R)-representations into X (Γ, G). When G = PSL(n, R) this embedding comes from the unique n-dimensional irreducible representation of PSL(2, R), namely the (n − 1) st symmetric product of the standard representation of PSL(2, R). 
Hitchin representations into PSL(2n, R), PSp(2n, R) and PSO 0 (2n, 2n) always lifts to SL(2n, R), Sp(2n, R), and SO 0 (2n, 2n). In all cases, there are 2 2g choices of lifts, and each choice defines a different connected component of the appropriate character variety. 
Here q j ∈ H 0 (K j ) and the orthogonal structure on E is given by the pairing on each
Remark 4.5. Note that when n is even, we have to choose a square root of the canonical bundle. The 2 2g components of Hit(SL(2n, R)) are given by twisting the bundle E in Proposition 4.4 by the 2 2g square roots of the trivial bundle. Also, note that the zero locus of q 2 , · · · , q n is the (n − 1) st symmetric product of the Fuchsian Higgs bundle K
In particular, the representation Γ → SL(n, R) corresponding to the zero locus of q 2 , · · · , q n is given by ι • ρ F uch where ρ F uch : Γ → SL(2, R) is a lift of a Fuchsian representation and ι : SL(2, R) → SL(n, R) is the principal embedding. In fact, it can be shown that the Fuchsian representation ρ F uch uniformizes the Riemann surface X.
For the groups SO 0 (n, n+1) and Sp(2n, R), the Hitchin component(s) can be seen as the subsets of the SL(2n + 1, R) and SL(2n, R) Hitchin component(s) defined by the vanishing the differentials of odd degree. More precisely, we have the following proposition. 
and η is the component of the Higgs field 
and β and γ are the components of the Higgs field (4.1) which map V * to V ⊗ K and V to V * ⊗ K.
The Hitchin component(s) for SO 0 (n, n) cannot be defined as a subspace of the SL(2n, R)-Hitchin component. Rather, it is can be interpreted as the deformation space of SO 0 (n, n − 1) Hitchin representations in the SO 0 (n, n)-character variety 
are such that (V, W 0 , η 0 ) defines a Higgs bundles in the SO 0 (n, n − 1)-Hitchin component and
Remark 4.8. When n is odd, SO 0 (n, n) = PSO 0 (n, n) and there is only one SO 0 (n, n)-Hitchin component. However, when n is even, SO 0 (n, n) is a double cover of PSO 0 (n, n). In this case, there are 2 2g connected components of M(SO 0 (n, n)) which map to the Hitchin component of PSO 0 (n, n). These 2 2g components are distinguished by twisting both V and W from Proposition 4.7 by one of the 2 2g square roots of the trivial bundle.
Hitchin proved the following theorem concerning the connected components of X (Γ, PSL(n, R).
Theorem 4.9. ([18])
If ρ ∈ X (Γ, PSL(n, R)) and n > 2, then either ρ is a Hitchin representation or it can be continuously deformed to a representation with compact Zariski closure. In particular, X (Γ, PSL(n, R)) has three connected components if n is odd and six connected components which come in isomorphic pairs when n is even.
Thus, for PSL(n, R) the connected components of X (PSL(n, R)) satisfy the following dichotomy. 4 Indeed, one can show that the action of the principal embedding ι : PSL(2, R) → SO(n, n) on R 2n via the standard representations preserves a splitting R n,n = R n,n−1 ⊕ R 0,1 .
Corollary 4.10. If ρ ∈ X (PSL(n, R)) with n > 2, then we have the following dichotomy:
• either ρ can be continuously deformed to a representation with compact Zariski closure • or ρ can be continuously deformed to a representation ι • ρ F uch where ρ F uch : Γ → PSL(2, R) is a Fuchsian representations and ι : PSL(2, R) → PSL(n, R) is the principal embedding.
For the other split groups such as SO(n, n + 1) and Sp(2n, R) the situation is more complicated.
4.2.
Deforming into maximal representations. We now describe how, for n > 2, the set of maximal Sp(2n, R) and SO 0 (2, n + 1) representations can be realized as deformation spaces of Fuchsian representations. This follows from combining the work of [16] with [11] and [3] . Note that we have the following isomorphisms PSp(2, R) ∼ = SO 0 (2, 1) and PSp(4, R) ∼ = SO 0 (2, 3) ). Maximal SO 0 (2, 1)-representations are exactly Fuchsian representations, and maximal SO 0 (2, 3) representations will be described in the next section.
Maximal Sp(2n, R): Recall from Definition 2.14 that an Sp(2n, R)-Higgs bundle is given by a triple (V, β, γ) where V is a rank n holomorphic vector bundle, β ∈ H 0 (Sym 2 (V ) ⊗ K), and
Moreover, the Toledo invariant of (V, β, γ) is given by the degree of V. In this case, the Milnor-Wood |deg(V )| ≤ n(g − 1).
It is shown in [15] that, if (V, β, γ) is a maximal Sp(2n, R)-Higgs bundle, then γ :
2 is a holomorphic rank n orthogonal bundle since
defines a symmetric isomorphism. The Stiefel-Whitney classes of
give new topological invariants of maximal Sp(2n, R)-Higgs bundles. In [11] it is shown that for n > 2 the space of maximal Sp(2n, R)-Higgs bundles has 3 · 2 2g connected components, 2 2g -Hitchin components and 2 2g+1 components determined by Stiefel-Whitney classes. In particular, we have the following: Recall that if ρ : Γ → SL(2, R) is a lift of a Fuchsian representation, then the associated Sp(2, R)-Higgs bundle is given by (V, β, γ) = (K 1 2 , q 2 , 1) where q 2 is a holomorphic quadratic differential. Consider the Sp(2n, R)-Higgs bundle which is the direct sum of (K 1 2 , q 2 , 1) with itself n-times
, thus, this defines a maximal Sp(2n, R)-Higgs bundle. Moreover, if I 1 , · · · , I n are line bundles satisfying I 2 j = O the following Sp(2n, R)-Higgs bundle is also maximal
2 is a rank n orthogonal bundle. The total Stiefel-Whitney class of V ⊗ K − 1 2 is given by
In particular, by varying the choices of I j we can obtain all possible values of the Stiefel-Whitney
. This proves the following: • or ρ can be continuously deformed to a lift of ι • ρ F uch where ρ F uch : Γ → PSL(2, R) is a Fuchsian representation and ι : PSL(2, R) → PSp(2n, R) is the principal embedding.
Maximal SO 0 (2, n): We now focus on maximal SO 0 (2, n)-representations. Recall from Definition 2.15 that an SO 0 (2, n)-Higgs bundle is given by a triple (V, W, η) where
is a rank 2 holomorphic bundle with orthogonal structure
The polystable SL(n + 2, C)
and, using the notation from section 3, Φ is given by
where, as before, we have suppressed the twisting by K from the notation. The Toledo invariant of an SO 0 (2, n)-Higgs bundle determined by (L, W, β, γ) is given by the degree of L. As with SO 0 (2, 1), stability implies the Milnor-Wood inequality deg(L) ≤ 2g − 2 . 
Proof. If deg(L) = 2g − 2, then polystability implies γ = 0 and the image of γ is not contained in the kernel of γ T . In particular, γ 
By the above proposition, maximal SO 0 (2, n)-Higgs bundles is determined by a triple (W 0 , β 0 , q 2 ) where W 0 is a rank n − 1 orthogonal vector bundle. Let M sw2 sw1 (SO 0 (2, n)) denotes the space of maximal SO 0 (2, n)-Higgs bundles such that the first and second Stiefel-Whitney classes of W 0 are sw 1 and sw 2 ; the space of maximal SO 0 (2, n)-Higgs bundles decomposes as
Remark 4.14. In [3] it is proven that, for n > 3, the spaces M sw2 sw1 (SO 0 (2, n)) are nonempty and connected for each value of (sw 1 , sw 2 
In particular, the space of maximal SO 0 (2, n)-representations has 2 2g+1 connected components for n > 3.
We will now explain how each of the corresponding components of the character variety can be thought of as a deformation spaces of Fuchsian representations. Recall that if ρ F uch : Γ → SO 0 (2, 1) is a Fuchsian representation then the corresponding Higgs bundle is given by
If W 0 is a polystable rank n − 1 orthogonal bundle with first Stiefel-Whitney class zero, then the SO 0 (2, n)-Higgs bundle given by
is a maximal Higgs bundle in M To obtain representations in the connected components with sw 1 = 0, consider a Fuchsian representation ρ F uch : Γ → SO 0 (2, 1) and let α : Γ → O(n) be a representation so that the associated flat holomorphic O(n − 1, C)-bundle has first and second Stiefel-Whitney classes sw 1 and sw 2 . Denote the determinant representation of α by Λ n α : Γ → O(1). The Higgs bundle associated to the representation
where the Higgs bundle associated to ρ F uch is given by (K, q 2 , 1) and W 0 is the flat holomorphic orthogonal bundle associated to α. In particular, the Higgs bundle is in M sw2 sw1 (SO 0 (2, n) ). Theorem 4.15. If n > 3, then any maximal representation ρ : Γ → SO 0 (2, n) can be continuously deformed to a representation ρ F uch ⊗ Λ n α ⊕ α where ρ F uch : Γ → SO 0 (2, 1) is a Fuchsian representation and α : Γ → O(n − 1). Moreover, the connected component of ρ is determined by the Stiefel-Whitney classes of S × α O(n − 1).
The special case of maximal
The group Sp(4, R) is a double cover of SO 0 (2, 3). The case of maximal Sp(4, R)-Higgs bundles behave differently than the general case, similarly, maximal SO 0 (2, 3)-Higgs bundles behave differently than maximal SO 0 (2, n)-Higgs bundles. We will focus on SO 0 (2, 3) here since it generalizes SO(2, 1) and will be generalized in the next section. In particular, we will show that Theorems 3.4, 3.6 and 3.10 for SO(2, 1)-representations all generalize to maximal SO 0 (2, 3)-representations.
Recall from Proposition 4.13, that a maximal SO 0 (2, 3)-Higgs bundle is determined by a triple
. The corresponding SL(5, C)-Higgs bundle can be represented schematically as
where we again suppress the twisting by K from the notation. When the first Stiefel-Whitney class of W 0 vanishes, the structure group of W 0 reduces to SO(2, C). In this case, W 0 is isomorphic to M ⊕ M −1 for some line bundle M with deg(M ) ≥ 0. Furthermore, the holomorphic section β 0 decomposes as
If deg(M ) > 0, then such a Higgs bundle is polystable only if µ = 0. Thus, we have a bound
Analogous to the switching isomorphism from Proposition 3.2 for SO(2, 1)-Higgs bundles, the SO(2, C) × SO(3, C) gauge transformation (g V , g W ) given by g V = −Id K⊕K −1 and
defines an isomorphism between Higgs bundle associated to (M, q 2 , µ, ν) and the Higgs bundle associated to (M −1 , q 2 , ν, µ). Thus we may assume (2, 3) ) denotes the space of maximal SO 0 (2, 3)-Higgs bundles with vanishing first Stiefel-Whitney class invariant, then we have the following decomposition analogous to (3.5): (2, 3) ) is the space of polystable maximal SO 0 (2, 3)-Higgs bundles given by tuples (M, µ, ν, q 2 ) with deg(M ) = d. For d > 0, the following generalization of Hitchin's theorem (Theorem 3.4) for the components M d (SO 0 (2, 3) ) was proven in [7] . The proof of above theorem is similar to that of Theorem 3.4. Namely, one considers the space 2, 3) ) given by sending a tuple (M, µ, ν, q 2 ) to the isomorphism class of the SO 0 (2, 3)-Higgs bundle (5.2) is surjective. Moreover, one checks that two points (M, µ, ν, q 2 ) and (
. Now, the result follows just as in the case for SO(2, 1). 3) ) is the set of SO 0 (2, 3)-Hitchin representations. Theorem 3.6 and Theorem 3.10 for M(SO(2, 1)) both generalize to maximal SO 0 (2, 3) representations. Recall that if sw 1 ∈ H 1 (X, Z 2 ) \ {0} and π : X sw1 → X is the corresponding orientation double cover, then the space Prym(X sw1 , X) ⊂ Pic 0 (X sw1 ) defined in (3.6) has two connected components Prym sw2 (X sw1 , X) labeled by a class sw 2 ∈ H 2 (X, Z/2). 
for some degree 0 line bundle M . Note that, as in section 3, W 0 is a polystable vector bundle. The SL(5, C)-Higgs bundle associated to a tuple
Consider the one parameter family of maximal SO 0 (2, 3)-Higgs bundles associated to (E, tΦ). It is straight forward to check that the SO(2, C)×SO(3, C) gauge transformation g t = t 0 0 t
Since W 0 is a polystable, the SO 0 (2, 3)-Higgs bundle associated to lim t→0 (E, tΦ) is given by (W 0 , 0, 0). 0 (2, 3) ) and X max sw1,sw2 (Γ, SO 0 (2, 3) ) be the connected components of the character variety associated to M max d (SO 0 (2, 3) ) and M max sw1,sw2 (SO 0 (2, 3) ) respectively. The components
can be thought as deformation spaces of Fuchsian representations, while the remaining connected components 3) ) we have the following trichotomy: 3) ), then ρ is Zariski dense.
• If ρ ∈ X 5.1. Deforming maximal SO 0 (2, 3) into SO 0 (2, n) and SO 0 (3, 3). As we have seen, the set of maximal SO 0 (2, n)-representations behave differently when n = 3 compared to n > 3. However, for n > 3, consider the embedding of i : SO 0 (2, 3) → SO 0 (2, n) given by the isometric embedding
. Using the notation (5.1), the induced map from maximal SO 0 (2, 3) Higgs bundles to maximal SO 0 (2, n)-Higgs bundles is given by
where U is the direct sum of n − 4 trivial bundles. In particular, the space M (2, 4) ). Since the Stiefel-Whitney class invariants (sw 1 , sw 2 ) determine the connected components of M 2, n) ). In terms of representations, this says that, for any n > 2, every maximal-SO 0 (2, 3) can be continuously deformed in the set of maximal SO 0 (2, n) to a Fuchsian representation. On the other hand, if j : SO 0 (2, 3) → SO 0 (3, 3) is the embedding given by the isometric embedding
, we have the following: 6. Generalizing maximal SO 0 (2, 3) representations to SO 0 (n, n + 1) and SO 0 (n, n + 2)
In the previous section we saw how many of Hitchin's results for the SO(1, 2)-Higgs bundles had generalizations to the set of maximal SO 0 (2, 3)-Higgs bundles. These generalizations followed from the extra symmetries maximality imposed on the Higgs field. Moreover, using the low dimensional isomorphism SO 0 (2, 3) = PSp(4, R), we saw that the special features for maximal Sp(4, R)-Higgs bundles do not generalize to Sp(2n, R). In this section, we will discuss some results from [7] and [6] which show that the special features of the maximal SO 0 (2, 3)-Higgs bundles have generalizations in the space of SO 0 (n, n + 1)-Higgs bundles. In this case, there is no known "topological invariant" which distinguishes these generalizations. The following theorem is the main result.
which is smooth and diffeomorphic to the product of a rank
th -symmetric product Sym n(2g−2)−d (X) with the vector space
Corollary 6.2. When the integer invariant d is maximal (i.e. d = n(2g − 2)), the above theorem recovers Hitchin's parameterization of the SO 0 (n, n + 1)-Hitchin component.
Remark 6.3. For n ≥ 2, SO 0 (n, n + 1) is not of Hermitian type and the topological invariants associated to an SO 0 (n, n+1)-representation are two second Stiefel-Whitney classes. In particular, if X d (Γ, SO 0 (n, n + 1)) denotes the connected component of the character variety corresponding to M d (SO 0 (n, n + 1), then these invariants do not distinguish the components X d (Γ, SO 0 (n, n + 1)). In fact, these are the first examples of non-Hitchin and non-maximal connected components of character varieties X (Γ, G) which are not distinguished by a topological invariant ω ∈ π 1 (G).
We start by considering a natural generalization of the space F d from (5.3). Consider the space
Associated to a point in
we can construct an SO 0 (n, n + 1)-Higgs bundles by
where (V, W 0 , η 0 ) is the SO 0 (n − 1, n)-Higgs bundle in the Hitchin component associated to (q 2 , · · · , q 2n−2 ) (see Proposition 4.6) and
Moreover, one can show that, for d > 0, such a Higgs bundle defines a polystable SO 0 (n, n + 1)-
Higgs bundle. Hence, we have a map Ψ d from the set
to the set of polystable SO 0 (n, n + 1)-Higgs bundles. The next step is to show that the only SO(n, C) × SO(n + 1, C)-gauge transformations which preserve the image of Ψ d act by
for λ ∈ C * . This is done directly. The map Ψ d therefore descends to a map
where
given by
For the SO 0 (1, 2) and SO 0 (2, 3) cases, we arrived at the above description via restrictions given by certain topological invariants. In the general case, we do not have these topological invariants, so we must show Ψ d is open and closed. To show that the image of Ψ d is closed in M(SO 0 (n, n+1)) we use the properness of the Hitchin fibration. Namely, if a sequence diverges in the parameter We also have the following corollary. Since W 0 is assumed to be polystable, the limit as t → 0 is given by (6.3) . Now assume W 0 is an unstable SO(3, C) bundle. In this case, W 0 has a unique destabilizing (positive degree) isotropic Remark 6.8. In [2] , Higgs bundles are used to show that the representations in the connected components X d (Γ, SO 0 (3, 4) ) cannot be deformed to compact representations in the SO 0 (3, 5) character variety. In particular, this implies the existence of exotic connected components of X (Γ, SO 0 (3, 5)). More generally, this is carried out for X (Γ, SO(p, q)) when 2 < p < q.
